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Abstract
This article is devoted to present an explicit formula for the cth
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Z
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∗ ...
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Keywords: Baer invariant; Variety of groups; Nilpotent multiplier; Cyclic
group.
Mathematics Subject Classification (2000): 20E34; 20E10; 20F18.
∗Correspondence: mashaf@math.um.ac.ir
1
1. Introduction and Motivation
Let a group G be presented as a quotient of a free group F by a normal
subgroup R. If V is the variety of polynilpotent groups of class row (c1, ..., ct),
Nc1,c2,...,ct, then the Baer invariant of a group G with respect to this variety
which we call it the polynilpotent multiplier of G is as follows:
Nc1,c2,...,ctM(G) =
R ∩ γct+1 ◦ ... ◦ γc1+1(F )
[R, c1F, c2γc1+1(F ), ..., ctγct−1+1 ◦ ... ◦ γc1+1(F )]
, (1)
where γct+1 ◦ ... ◦ γc1+1(F ) = γct+1(γct−1+1(...(γc1+1(F ))...)) are the term of
iterated lower central series of F (see [7] for further details). In particular,
if t = 1 and c1 = c then the above notation will be the c-nilpotent multiplier
of G
NcM(G) =
R ∩ γc+1(F )
[R, cF ]
.
The case c = 1 is the much studied Schur multiplier of G and denoted by
M(G).
Historically, there have been several papers from the beginning of the
twentieth century trying to find some structures for the well-known notion
the Schur multiplier and its varietal generalization the Baer invariant of some
famous products of groups, such as the direct product, the free product and
the nilpotent product. Determining these Baer invariants of a given group
is known to be very useful for classification of groups into isologism classes.
Also structures of Baer invariants are very essential for studying varietal
capability and covering groups.
In 1979, Moghaddam [8] found a formula for the c-nilpotent multiplier of
a direct product of two groups where c+ 1 is a prime number or 4. Also, in
1998, G. Ellis [1] presented the formula for all c ≥ 1. In 1997, Mashayekhy and
Moghaddam [9] presented an explicit formula for the c-nilpotent multiplier
of a finite abelian group for every c ≥ 1. In 2006, Mashayekhy and Parvizi [7]
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gave an explicit formula for the polynilpotent multiplier of a finitely generated
abelian group.
In 1992, Gupta and Moghaddam [3] calculated the c-nilpotent multi-
plier of the nilpotent dihedral group of class n,Gn ∼= Z2
n
∗ Z2.(Note that in
2001 Ellis [2] remarked that there is a slip in the statement and gave the
correct one.) Also, in 2003, Moghaddam, Mashayekhy and Kayvanfar [10]
extended the previous result and calculated the c-nilpotent multiplier of the
nth nilpotent product of cyclic groups for n =2,3,4 under some conditions.
Moreover, Mashayekhy [5] gave an implicit formula for the c-nilpotent multi-
plier of a nilpotent product of cyclic groups. Recently, in 2006, Mashayekhy
and Parvizi [12] presented explicit structures for nilpotent and polynilpotent
multipliers of the nth nilpotent product of infinite cyclic groups. Also, the
authors [6] obtained an explicit formula for nilpotent and polynilpotent mul-
tipliers of the nth nilpotent product of cyclic groups under some conditions.
Now in this article, we extend the recent result and first give an explicit
formula for the c-nilpotent multiplier of nilpotent products of some cyclic
groups G = Z
n1
∗ ...
nt−1
∗ Z
nt
∗ Zmt+1
nt+1
∗ ...
nk
∗ Zmk+1 , where mi+1 | mi for
t + 1 ≤ i ≤ k and c ≥ n1 ≥ n2 ≥ ... ≥ nk such that (p,mt+1) = 1 for
all prime p ≤ n1. Second, we compute the polynilpotent multiplier of the
group G with respect to the polynilpotent variety Nc1,c2,...,cs, where c ≥ n1.
Note that by a group G = A1
n1
∗ A2
n2
∗ ...
nl
∗ Al+1 we mean the group
G = (...((A1
n1
∗ A2)
n2
∗ A3)...
nl
∗ Al+1).
2. Notation and Preliminaries
Let Gi = 〈xi|x
ki
i 〉 ∼= Zki be the cyclic group of order ki if ki ≥ 1, and
the infinite cyclic group if ki = 0. The nth nilpotent product of the family
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{Gi}i∈I is defined as follows:
n
∗∏
i∈I
Gi =
∏∗
i∈I Gi
γn+1(
∏∗
i∈I Gi) ∩ [Gi]
∗
i∈I
,
where
∏∗
i∈I Gi is the free product of the family {Gi}i∈I , and
[Gi]
∗
i∈I = 〈[Gi, Gj]|i, j ∈ I, i 6= j〉
∏
∗
i∈I
Gi
is the cartesian subgroup of the free product
∏∗
i∈I Gi which is the kernel
of the natural homomorphism from
∏∗
i∈I Gi to the direct product
∏×
i∈I Gi.
For further properties of the above notation see H. Neuman [12]. Since G,is
are cyclic, it is easy to see that γn+1(
∏∗
i∈I Gi) ⊆ [Gi]
∗ and hence
∏n∗
i∈I Gi =∏∗
i∈I Gi/γn+1(
∏∗
i∈I Gi).
The proof of the main results of this paper rely only on commutator
calculus, so we state some definitions and lemmas about commutators.
Definition 2.1 ([4]). The basic commutators on letters x1, x2, ..., xn, ... are
defined as follows:
(i) The letters x1, x2, ..., xn, ..., are basic commutators of weight one, ordered
by setting xi < xj, if i < j.
(ii) If basic commutators ci of weight w(ci) < k are defined and ordered, then
define basic commutators of weight k by the following rules. [ci, cj] is a basic
commutator of weight k if and only if
1. w(ci) + w(cj) = k;
2. ci > cj;
3. if ci = [cs, ct], then cj ≥ ct.
Then we will continue the order by setting c ≥ ci, whenever w(c) ≥ w(ci),
fixing any order among those of weight k, and finally numbering them in
order.
Theorem 2.2 ([4]). Let F be the free group on {x1, x2, ..., xd}, then for all
4
1 ≤ i ≤ n,
γn(F )
γn+i(F )
is a free abelian group freely generated by the basic commutators of weights
n, n+ 1, ..., n+ i− 1 on the letters {x1, x2, ..., xd}.
Theorem 2.3 (Witt formula [4]). The number of basic commutators of
weight n on d generators is given by the following formula
χn(d) =
1
n
∑
m|n
µ(m)d
n
m ,
where µ(m) is the Mo¨bius function, which defined to be
µ(m) =


1 ;m = 1,
0 ;m = pα11 ...p
αk
k ∃αi > 1,
(−1)s ;m = p1...ps,
where the pi are distinct prime numbers.
Lemma 2.4. Let 1 ≤ w < r and (p, r) = 1 for all prime p less than or equal
to w, then r divides
(
r
w
)
.
Proof. Clearly
(
r
w
)
= r( (r−1)...(r−w+1)
1×2×...×w
) is an integer. For any prime p ≤ w,
since p |/r , p|(r − 1)...(r − w + 1). Thus 1× 2× ...× w|(r− 1)...(r − w + 1)
and hence the result holds.✷
The following consequences of the collecting process are very vital in the
proof of the main result.
Lemma 2.5 (R. R. Struik [13]). Let x, y be any elements of a group and let
c1, c2, ... , be the sequence of basic commutators of weight at least two in x
and [x, y], in ascending order. Then
[xn, y] = [x, y]nc
f1(n)
1 c
f2(n)
2 ...c
fi(n)
i ..., (2)
where
fi(n) = a1
(
n
1
)
+ a2
(
n
2
)
+ ... + awi
(
n
wi
)
, (3)
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with ai ∈ Z, and wi is the weight of ci in x and [x, y]. If the group is nilpotent,
then the expression in (2) gives an identity, and the sequence of commutators
terminates.
Lemma 2.6 (R. R. Struik [13]). Let α be a fixed integer, and G be a
nilpotent group of class at most n. If bj ∈ G and r < n, then
[b1, .., bi−1, b
α
i , bi+1, ..., br] = [b1, ..., br]
αc
f1(α)
1 c
f2(α)
2 ...,
where the ck are commutators in b1, ..., br of weight strictly greater than r,
and every bj , 1 ≤ j ≤ r appears in each commutator ck, the ck listed in as-
cending order. The fi are of the form (3), with aj ∈ Z, and wi is the weight
of ci (in the bi) minus (r − 1).
3. Main Results
Let Ai = 〈xi|x
mi
i 〉 be cyclic groups such that Ai ∼= Z (mi = 0) for 1 ≤ i ≤ t
and Ai ∼= Zmi (mi > 1) for t + 1 ≤ i ≤ k + 1. Let
1→ Ri = 〈x
mi
i 〉 → Fi = 〈xi〉 → Ai → 1
be a free presentation for Ai.
Put G = A1
n1
∗ A2
n2
∗ ...
nk
∗ Ak+1, where n1 ≥ n2 ≥ ... ≥ nk. We are going
to find a free presentation for G. We also use the notation F¯s = F1 ∗F2...∗Fs
for 2 ≤ s ≤ k + 1 and F = F¯k+1.
Lemma 3.1. Keep the above notation and put S = 〈xmii |1 ≤ i ≤ k+1〉
F and
R = Sγn1+1(F )
∏k
i=2(γni+1(F¯i+1) ∩ [F¯i, Fi+1]). Then 1 → R → F → G → 1
is a free presentation of G.
Proof. We use induction on k. When k = 1, it is easy to see that G ∼=
F/Sγn1+1(F ). Suppose that k > 1 and that the result has been proved for
the group A = A1
n1
∗ A2
n2
∗ ...
nk−1
∗ Ak. Then A has a free presentation as
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follows 1 → R′ → F¯k → A→ 1, where R′ = S ′γn1+1(F¯k)
∏k−1
i=2 (γni+1(F¯i+1) ∩
[F¯i, Fi+1]) and S
′ = 〈xmii |1 ≤ i ≤ k〉
F¯k . On the other hand, there exist the
following sequence
F = F¯k ∗ Fk+1
ϕ
→ A ∗ Ak+1
ψ
→ A
nk
∗ Ak+1 → 1.
It is easy to see that
ker(ψ ◦ ϕ) = 〈x
mk+1
k+1 , R
′, γnk+1(F ) ∩ [F¯k, Fk+1]〉
F .
So
ker(ψ ◦ ϕ) = 〈Sγn1+1(F¯k)
k∏
i=2
(γni+1(F¯i+1) ∩ [F¯i, Fi+1])〉
F .
We also note that
γn1+1(F ) = γn1+1(F¯k)(γn1+1(F ) ∩ [F¯k, Fk+1])
⊆ γn1+1(F¯k)(γnk+1(F ) ∩ [F¯k, Fk+1]).
Hence
ker(ψ ◦ ϕ) = 〈Sγn1+1(F )
k∏
i=2
(γni+1(F¯i+1) ∩ [F¯i, Fi+1])〉
F = R
and this completes the proof.✷
Keeping the previous notation put
Mi = γni+1(F¯i+1) ∩ [F¯i, Fi+1]
Ni = γni+c+1(F¯i+1) ∩ [F¯i, Fi+1].
Then by the previous lemma the c-nilpotent multiplier of G = A1
n1
∗ A2
n2
∗
...
nk
∗ Ak+1 is as follows for all c ≥ n1
NcM(G) =
γc+1(F )
[S, cF ]γn1+c+1(F )
∏k
i=2[Mi, cF ]
.
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We now prove the following lemmas to compute the c-nilpotent multiplier
of G.
Lemma 3.2. [Mi, cF¯i+1] = Ni.
Proof. Clearly [Mi, cF¯i+1] ⊆ Ni. For the reverse inclusion we have
γni+c+1(F¯i+1) = [γni+1(F¯i+1), cF¯i+1]
= [γni+1(F¯i), cF¯i+1][Mi, cF¯i+1]
= γni+c+1(F¯i)
∏
∃tj s.t. tj=i+1
[γni+1(F¯i), Ft1 , ..., Ftc ][Mi, cF¯i+1].
Moreover
[γni+1(F¯i), Ft1 , ..., Fts , Fi+1, ..., Ftc ] = [Fi+1, [γni+1(F¯i), Ft1 , ..., Fts ], ..., Ftc ]
⊆ [Fi+1, [γni+1(F¯i+1), sF¯i+1], ..., F¯i+1]
⊆ [Fi+1, ni+s+1(F¯i+1), c−sF¯i+1]
⊆ [Mi, cF¯i+1].
Therefore γni+c+1(F¯i+1) = γni+c+1(F¯i)[Mi, cF¯i+1]. On the other hand,
γni+c+1(F¯i+1) = γni+c+1(F¯i)(γni+c+1(F¯i+1) ∩ [F¯i, Fi+1]).
Hence the result holds.✷
Lemma 3.3. With the notation and assumption above we have
k∏
i=2
[Mi, cF ] =
k∏
i=2
Ni.
Proof. The previous lemma implies that Ni = [Mi, c(F¯i+1)] ⊆ [Mi, cF ] for
all 2 ≤ i ≤ k. For the reverse inclusion we have
[Mi, cF ] =
∏
Dj∈L,1≤j≤c
[Mi, D1, ..., Dc] ⊆
k∏
i=1
Ni,
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where L = {Fj|1 ≤ j ≤ k + 1}. Note that [Mi, D1, ..., Dc] ⊆ Nl, where
l = max{i,m} such that m = max{t | Ft ∈ {D1, ..., Dc}}.✷
Now the above lemma implies that
NcM(G) ∼=
γc+1(F )
[S, cF ]
∏k
i=2[Mi, cF ]γn1+c+1(F )
=
γc+1(F )
[S, cF ]
∏k
i=2Niγn1+c+1(F )
∼=
γc+1(F )/γn1+c+1(F )
([S, cF ]
∏k
i=2Niγn1+c+1(F ))/γn1+c+1(F )
. (4)
Also by Theorem 2.2 γc+1(F )/γn1+c+1(F ) is a free abelian group with the
basis of all basic commutators of weight c+1, ..., c+n1 on letters x1, ..., xk+1.
Now we are going to find a suitable basis for the group
[S, cF ]
∏k
i=2Niγn1+c+1(F )
γn1+c+1(F )
.
Lemma 3.4. With the previous notation (
∏k
i=2Niγn1+c+1(F ))/γn1+c+1(F ) is
a free abelian group with the basis
⋃k
i=2Ei, where
Ei = {all basic commutators of weight c+ ni + 1, ..., c+ n1
on letters x1, ..., xi+1 such that xi+1 appears}
Proof. Since Ei’s are distinct, it is enough to show that Ei is a basis for
(Niγn1+c+1(F ))/γn1+c+1(F ) for all 2 ≤ i ≤ k. We know that γni+c+1(F¯i+1) =
γni+c+1(F¯i)Ni and γni+c+1(F¯i) ∩Ni = 1. On the other hand, γni+c+1(F¯i+1) is
generated by all basic commutators of weight c+ ni + 1, ..., c+ n1 on letters
x1, ..., xi+1 and γni+c+1(F¯i) is generated by all basic commutators of weight
c + ni + 1, ..., c + n1 on letters x1, ..., xi , modulo γn1+c+1(F ) . So the result
follows.✷
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We define ρ1(S) = S and ρr+1(S) = [ρr(S), F ], inductively.
Lemma 3.5. With the notation and assumption above, if (p,mt+1) = 1, for
all prime p less than or equal to n1 + 1− i, then (ρc+i(S)γc+n1+1(F ))/
(ρc+i+1(S)γc+n1+1(F )) is a free abelian group with a basis Di,1∪ ...∪Di,k+1−t,
where
Di,j = {b
mt+j | b is a basic commutator of weight c+ i on
x1, ..., xt, ..., xt+j such that xt+j appears in b },
for all 1 ≤ i ≤ n1.
Proof. Using collecting process (see [4]), it is easy to see that
(ρc+i(S)γc+n1+1(F ))/(ρc+i+1(S)γc+n1+1(F ))
is generated by all basic commutators of weight c+i, ..., c+n1 on x1, ..., xt, .., xk+1
such that one of the x
mt+1
t+1 , ..., x
mk+1
k+1 appears in them. Also it is routine to
check that all the above commutators of weight grater than c + i belong to
ρc+i+1(S). Now, we are going to show that if b
′ is a basic commutator of
weight c+ i on x1, ..., xt, ..., xk+1 such that x
mt+j
t+j , appears in it, then
b′ ≡ bmt+j (mod ρc+i+1(S)γc+n1+1(F )), (5)
where b is a basic commutator of weight c+ i on x1, ..., xt, ..., xk+1 such that
xt+j appears in it. (Note that b is actually a real basic commutator according
to the definition and b′ is the same as b but a letter xt+j with exponent
mt+j .) In order to prove the above claim, first we use reverse induction on
d (i + 1 ≤ d ≤ n1) to show that if u is an outer commutator of weight
c+d on x1, ..., xt, ..., xk+1 such that xt+j appears in u, then u
mt+j ∈ ρc+i+1(S)
(mod γc+n1+1(F )). (6)
let d = n1 and u = [..., xt+j , ...] then clearly u
mt+j ≡ [..., x
mt+j
t+j , ...] ∈ ρc+i+1(S)
(mod γc+n1+1(F )).
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Now, suppose the above property holds for every d > d′. We will show that
the property (5) holds for d′. Let u = [u1, u2] be an outer commutator of
weight c+ d′ where xt+j appears in u1, say. Then by Lemma 2.5, we have
umt+j ≡ [u
mt+j
1 , u2]v
f1(mt+j)
1 ...v
fh(mt+j)
h (mod γc+n1+1(F )),
where vs is a basic commutator of weight ws in u1 and [u1, u2]. Thus vs is an
outer commutator of weight greater than c + d′ and less than c + n1 + 1 on
x1, ..., xt, ..., xk+1 such that xt+j appears in it. Since mt+j |mt+1, by hypoth-
esis we have (p,mt+j) = 1, for all prime p less than or equal to n1 + 1 − i.
Also, it is easy to see that ws ≤ (c+n1+1)− (c+ d
′− 1) = n1+1− d
′+1 ≤
n1+1−i. Therefore by Lemma 2.4mt+j |fs(mt+j) and so by induction hypoth-
esis v
fs(mt+j)
s ∈ ρc+i+1(S) (mod γc+n1+1(F )). Hence, by repeating the above
process if u = [..., xt+j , ...], then u
mt+j ≡ [..., x
mt+j
t+j , ...]v
′f ′
1
(mt+j)
1 ...v
′f ′
h
(mt+j)
h ∈
ρc+i+1(S) (mod γc+n1+1(F )).
Now using (6), Lemma 2.6 and some routine commutator calculus, the con-
gruence (5) holds. By Theorem 2.2 distinct basic commutators are linear in-
dependent and so are distinct powers of them. Since mt+j+1|mt+j , for all 1 ≤
j ≤ k+1− t, the set
⋃k+1−t
j=1 Di,j is a generating set for (ρc+i(S)γc+n1+1(F ))/
(ρc+i+1(S)γc+n1+1(F )) and hence is a basis for it.✷
Lemma 3.6. If (p,mt+1) = 1 for all prime p less than or equal to n1, then
(ρc+1(S)γc+n1+1(F ))/γc+n1+1(F ) is a free abelian group with a basis
⋃k
i=tCi,
where
Ci = {b
mi+1 | b is a basic commutator of weight c + 1, ..., c+ n1
on letters x1, ..., xi+1 such that xi+1 appears in b}.
Proof. Put
Ai =
ρc+i(S)γc+n1+1(F )
ρc+i+1(S)γc+n1+1(F )
, Bi =
ρc+1(S)γc+n1+1(F )
ρc+i+1(S)γc+n1+1(F )
.
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Then clearly the following exact sequence exists for all 1 ≤ i ≤ n1
0→ Ai → Bi → Bi−1 → 0.
By Lemma 3.5 B1 is a free abelian, so the exact sequence
0→ A2 → B2 → B1 → 0
is a split exact sequence, and hence B2 ∼= A2⊕B1. Also, by Lemma 3.5 every
Ai is free abelian, so by induction every Bi is free abelian and
ρc+1(S)γc+n1+1(F )
γc+n1+1(F )
= Bn1
∼= An1 ⊕ An1−1 ⊕ ...⊕A2 ⊕ A1.
Now, according to the basis for Ai presented in Lemma 3.5, the group
(ρc+1(S)γc+n1+1(F ))/γc+n1+1(F ) is a free abelian group with a basis
n1⋃
i=1
(
k+1−t⋃
j=1
Di,j) =
k⋃
i=t
Ci.✷
Lemma 3.4 and Lemma 3.6 implies that
⋃k
i=tCi ∪
⋃k
i=2Ei generate the
dinominator of 4, but some elements of Ci which are generated by elements of⋃k
i=2Ei can be omitted and other elements are linear independent. Therefore
we have the following theorem.
Theorem 3.7. Keeping the notation of Lemma 3.4 if (p,mt+1) = 1 for all
prime p less than or equal to n1, then ([S, cF ]
∏k
i=2Niγn1+c+1(F ))/γn1+c+1(F )
is a free abelian group with the basis (
⋃k
i=2Ei) ∪ (
⋃k
i=t Li), where
Li = {b
mi+1 |b is a basic commutator of weight c+ 1, ..., c+ ni
on letters x1, ..., xi+1 such that xi+1 appears in b}.
Now we are ready to state and prove the first main result of the paper.
Proposition 3.8. Let G = A1
n1
∗ ...
nk
∗ Ak+1 such that Ai ∼= Z for 1 ≤ i ≤ t
12
and Aj ∼= Zmj for t + 1 ≤ j ≤ k + 1. Let c ≥ n1 ≥ ... ≥ nk and
mk+1|mk|...|mt+1 and (p,mt+1) = 1 for all prime p ≤ n1. Then
NcM(G) ∼= Z
(u) ⊕ Z(ft)mt+1 ⊕ ...⊕ Z
(fk)
mk+1
,
where u =
∑nt−1
j=1 χc+j(t)+
∑t−2
i=1
∑ni
j=ni+1+1 χc+j(i+1) and fs =
∑ns
j=1(χc+j(s+
1)− χc+j(s)).
Proof. Applying the structure of NcM(G) given by (4) and Theorem 3.7
and note that the Ei and the Li are mutually disjoint and
|Ei| =
n1∑
j=ni+1
(χc+j(i+ 1)− χc+j(i)),
|Li| =
ni∑
j=1
(χc+j(i+ 1)− χc+j(i)),
we have
u =
n1∑
j=1
χc+j(k + 1)− (
k∑
i=t
ni∑
j=1
(χc+j(i+ 1)− χc+j(i)) +
k∑
i=2
n1∑
j=ni+1
(χc+j(i+ 1)− χc+j(i)))
=
n1∑
j=1
χc+j(k + 1)−
n1∑
j=1
k∑
i=t
(χc+j(i+ 1)− χc+j(i))−
t−1∑
i=2
n1∑
j=ni+1
(χc+j(i+ 1)− χc+j(i)))
=
n1∑
j=1
χc+j(t)−
t−1∑
i=2
n1∑
j=ni+1
(χc+j(i+ 1)− χc+j(i)))
=
n1∑
j=1
χc+j(t)−
t−1∑
i=2
n1∑
j=ni+1
χc+j(i+ 1) +
t−2∑
i=1
n1∑
j=ni+1
χc+j(i+ 1)
=
nt−1∑
j=1
χc+j(t) +
t−2∑
i=1
ni∑
j=ni+1+1
χc+j(i+ 1)
Hence the result follows. ✷
In order to state and prove the second main result we apply the following
lemma.
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Lemma 3.9. Let G be a nilpotent group of class n ≤ c1, and c2, ..., cs ≥ 1.
Then
Nc1,c2...,csM(G) = NcsM(...Nc2M(Nc1M(G))...).
Proof. Let F/R be a free presentation of G. Since γc1+1(F ) ≤ γn+1(F ) ≤ R,
Nc1M(G) = γc1+1(F )/[R, c1F ]. Now, we can consider γc1+1(F )/[R, c1F ] as
a free presentation for Nc1M(G) and hence
Nc2M(Nc1M(G)) =
γc2+1(γc1+1(F ))
[R, c1F, c2γc1+1F ]
.
Therefore by (1) we have
Nc1,c2M(G) = Nc2M(Nc1M(G)).
By continuing the above process we can conclude the result.✷
Note that, by a similar method of [9], we can obtain the structure of the
c-nilpotent multiplier of a finitely generated abelian group as the following
statement. Also, this is a corollary of Proposition 3.8 when n1 = n2 = ... =
nk = 1
Corollary 3.10. Let G = Z(m) ⊕ Zm1 ⊕ ... ⊕ Zmk , be a finitely generated
abelian group, where mi+1|mi for all 1 ≤ i ≤ k − 1. Then
NcM(G) = Z(bm) ⊕ Z(bm+1−bm)m1 ⊕ ...⊕ Z
(bm+k−dm+k−1)
mk
, where bi = χc+1(i).
Now the second main result of the paper follows immediately by the above
lemma, Proposition 3.8 and repeated usage of Corollary 3.10.
Proposition 3.11. Let G = A1
n1
∗ A2
n2
∗ ...
nk
∗ Ak+1 such that Ai ∼= Z for
1 ≤ i ≤ t and Aj ∼= Zmj for t + 1 ≤ j ≤ k + 1. Let c1 ≥ n1 ≥ n2 ≥ ... ≥ nk
and mk+1|mk|...|mt+1 and (p,mt+1) = 1 for all prime p ≤ n1. Then the
structure of the polynilpotent multiplier of G is
Nc1,c2,...,csM(G)
∼= Z(d0) ⊕ Z(dt−do)mt+1 ⊕ ...⊕ Z
(dk−dk−1)
mk+1
,
where di = χcs+1(...(χc2+1(u+
∑i
j=t fj))...), for all t ≤ i ≤ k, d0 = χcs+1(...(χc2+1(u))...)
and u and fi are the notation used in Proposition 3.8.
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